Ly

Unit B1: Sequence, Series and their Limits

Objective: (1) To learn the concept of sequence and series.
(2) To understand the intuitive concept of the limit of sequence and series.
(3) To understand the behaviour of infinite sequence and series.

Detailed Content

Time Ratio

Notes on Teaching

1.1 Sequence and series

Clear concepts of sequence and series should be provided. The following
suggested versions may be adopted:

If a, is a function of n which is defined for all positive integral values of n, its
values a;, a,, as, ..., a, ... are said to form a sequence. The sequence is finite or
infinite according to the numbers of terms of it being finite or infinite. Furthermore a; +
a, + ... + a,+ ... is said to form a series. Likewise, it is finite or infinite according to
the numbers of terms contained. The notation

n n
Sp=Y.a or Yy a iscommonly used.
r=1 1

Some simple rules concerning the operations of sequences and series may be
introduced. For the sake of convenience, denote the sequences a;, ap, as, ... and by,
b, bs, ... by {a;} and
{b}, then (i) {a}+ {bi} = {a + b}

(i) Ha}={1a},
viz, the idea of termwise operations may be touched upon.

Regarding series, the following methods of summation should be discussed.

(1) Mathematical induction: already dealth with in Unit A3.

(2) Method of difference: teachers should amplify in the expressing the rth term of

the series as the difference of f(r + 1) and f(r) where f(x) is a function of x.
ie.
if a, = f(r + 1) — f(r)

then ia, = i(f(r +1)-f(r))
1 1
= f(n + 1) - f(1).

n
Some typical examples are Z

D and ler(r+1).
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For series whose terms are presented in a recurrence of the form a, — a3
= f(r) or a, = Aa,; + Ba,, some basic methods should be introduced, especially for
the latter one the following approach may be discussed:

Suppose )

o, B are the roots of the auxiliary equation 2° = A1 + B,

() ifazp a =ka'+kp"
(i) if a=p a = (ki + rko)a’
where k; and k; are constants to be determined.
1.2 Limit of a sequence and 7 The concept of the limit of a sequence should be taught with an intuitive
series approach. The following version may be considered:

Let a;, az, ..., an, ... be a sequence. If for all sufficiently large values of n, the
difference between a,and a constant ¢ is as small as we please, we say that a, — /
when n—>o or lima,="/.

nN—o0
Teachers should emphasize on the following points:
(i) ¢ is called the limit of the sequence;
(i) the limit ¢, if exists, is unique;
(iii) the sequence is said to converge to ¢ or the sequence is convergent with
limit 7;
(iv) if a sequence does not converge to any limit, it is said to be divergent.
Ample examples illustrating convergence and divergence should be provided.
1
(1) liman =1 fora>0.
n—o0
sininn ) o

(2) The sequence a, = 2 which converges to the limit 0.

(3) The divergent sequence a, = {1 + (—1)"}\/5.

(4) The divergent oscillatory sequence a, = (-)"(1+ 1) .

n
N.B. Sequences could be classified as convergent, divergent ( to +wo or —o) or
oscillatory (does not converge nor diverge (to +o0 or — ) ).

Some common properties of convergent sequence should be included in the
discussion with students:
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Let a;, a,, as, ..., an, ... and by, by, bs, ..., by, ... be convergent sequences with
limits be a and b respectively, the following sequence are also convergent:
(i) Aa, Aay, Aas, ... converges la, where 1 is a constant.
(i) a;+by, @+ by, as+ bs, ... converges to a + b.
(iii) aibs, @by, asbs, ... converges to ab.
) a
(IV) ﬁ s “2 ﬁ
by by, b
Finally, students should be led to appreciate the following results that
(i) for the convergent sequence a;, ay, as, ... with limit a,
lim a,,, = lima,=a,
n—o0 N—o0
where K is a positive integer.
(i) for the two convergent sequences
ai, az, as, ... and by, by, bs, ... with the same limit ¢ and if a sequence c;, C,,
Cs, ... Such thata; < c¢;, < b; wheni> k for some positive integer k, then c,
Cz, C3, ... also converges and to the same limit ¢. This property is commonly
known as the Sandwich Theorem. Teachers may also touch upon the
meaning of monotonic sequence and bounded sequence to broaden
students’ understanding.
As for infinite series, a parallel treatment could be provided as follows:
(1) Concept of convergence

, ... converges to % provided b =0 .

n
The series u; + U, + uz +... is convergent if lim ZUi =S exists and
N—o
1

the series is said to be convergent to the limit. (Sometimes S may be called
the sum of the series.) If S,represents u; + u, +...+ u,, then the result may
be stated as S, »S as n—> o« or lMmS,=S. (S, = Uy + U, +...+ Uy is
n—w

commonly known as the n" partial sum). And, in a more or less the same
situation, divergent series and/ or oscillatory series may be introduced subject
to teachers’ preference.

(2) Properties of convergent series
u; + Up + ug +... with limit S and
Vi + V, + V3 +... with limit S’ then
(a) Au; + Au, + Aus +... converges to AS where 4 is a constant.
(b) (ug + vy) + (Uz + Vvy) + (us + v3) convergesto S + S'.

(c) If up + up + uz +... Is convergent, then lim u, =0
n—w
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1.3 Convergence of a sequence 5 Further properties of convergent sequence like
and series (i) convergent sequences are bounded
(i) a monotonic and bounded sequence is convergent
should be introduced. Some typical convergent and divergent sequences should be
discussed so as to illustrate the method in finding limits of sequences. The following
examples may be considered:
(A) Convergent sequences
(i) a,=x"with |x] <1
@) a,=%n
X"
(i) a, :F
(B) Convergent series
(i) r+rP+r. with|r] <1

(i) 1+E+i+ L
112 123

+...

(C) Divergent series
0 X=
(i) Y-
1
(iii) Z\/ﬁ

Some typical applications of the Sandwich Theorem should be included for
illustration whereas convergence tests of series are not required.

18
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